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Multinomial logistic regression (MLR) with complex survey

Let Y be the response variable with d C 1 categories

The population is divided in H strata (h D 1, ...,H)
In each stratum h, there are nh clusters (i D 1, ..., nh)
Cluster i of the stratum h has mhi units
yhij D

�
yhij1, ...., yhij ,dC1

�T
� classi�cation vectors

If yhijr D 1 and yhijs D 0 for s 2 f1, ..., d C 1g � fr g, the unit j selected
from the cluster i of the stratum h falls in the category r .

The response variable Y depends on k explanatory variables

xhij D
�
xhij1, ...., xhijk

�T
(Explanatory variables for the unit j in the cluster i of the stratum h/
whi � Sampling weight from the cluster i of the stratum h.
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Multinomial logistic regression (MLR) with complex survey

The expectation of the element r , Yhijr , of
Yhij D .Yhij1, ...,Yhij ,dC1/T , is given by

�hijr .�/ D

8>>><>>>:
expfxThij�r g

1C
Pd
sD1 expfx

T
hij�s g

, r D 1, ..., d

1

1C
Pd
sD1 expfx

T
hij�s g

, r D d C 1
,

�r D
�
�1r , ...,�kr

�T
2 Rk , r D 1, ..., d and �dC1 D .0, ..., 0/

T .

2 D f� D .�T1 , ...,�
T
d /
T , �j D

�
� j1, ...,� jk

�T
2 Rk ,

j D 1, ..., dg D Rdk .

We shall assume

�hijr .�/ D �hir .�/ , j D 1, ...,mhi ,

(All the individuals in the cluster i of the stratum h have the the
same explanatory variables xhi D .xhi1, ...., xhik /T )
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Pseudo Maximum likelihood estimator

bYhi D mhiX
jD1

Yhij D

 
mhiX
jD1

Yhij1, ...,
mhiX
jD1

Yhij ,dC1

!T
D .bYhi1, ...,bYhi ,dC1/T

(The number of units in the cluster i of the stratum h )
We de�ne the following theoretical probability vector, � .�/ , by

.w11m11
�
�T11.�/,: : :,

w1n1m1n1
�

�T1n1.�/,: : :,
wH1mH1

�
�TH1.�/,: : :,

wHnHmHnH
�

�THnH.�//
T

with

� D
HX
hD1

nhX
iD1

whimhi

We shall also consider the non-parametric probability vector

bp D 1
�
.bYT1 , ...,bYTH /T

D
1
�
.w11bYT11, ...,w1n1bYT1n1 , ...,wH1bYTH1, ...,wHnHbYTHnH /T .
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Pseudo Maximum likelihood estimator

The Kullback-Leibler divergence between the probability vectors bp
and � .�/ is given by

dK�L .bp,� .�// D 1
�

HX
hD1

nhX
iD1

whi
dC1X
sD1

byhis log byhis
mhi�his .�/

D K �L .�/

Being

L .�/ D
HX
hD1

nhX
iD1

whi log�
T
hi .�/byhi

the Pseudo Loglikelihood

The Pseudo Maximum Likelihood Estimator of parameter � can
be de�ned by b�P D argmin

�22
dK�L .bp,� .�// .
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Pseudo Minimum Phi-divergence Estimator

Phi-divergence measures,

d� .bp,� .�// D 1
�

HX
hD1

nhX
iD1

whimhi
dC1X
sD1

�his .�/ �

� byhis
mhi�his .�/

�
,

where � 2 8� is the class of all convex functions � .x/, de�ned for
x > 0, such that at x D 1, � .1/ D 0, �00 .1/ > 0, and at x D 0,
0�
�
0/0

�
D 0 and 0�

�
p/0

�
D limu!1 � .u//u.

De�nition
We consider the MLR model with complex survey.The Pseudo Minimum
Phi-divergence Estimator of parameter � is de�ned as

b��,P D argmin
�22

d� .bp,� .�// .
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Pseudo Minimum Phi-divergence Estimator

Theorem

Let b��,P the pseudo minimum phi-divergence estimator of parameter

�, n D
HX
hD1

nh the total of clusters in all the strata of the sample and ��h an

unknown proportion obtained as limn!1
nh
n D �

�
h, h D 1, ...,H. Then we

have

p
n.b��,P ��0/ L

�!
n!1

N
�
0dk ,H�1

�
�0
�
G
�
�0
�
H�1

�
�0
��
,

(H .�/ � Fisher information matrix)
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Design e¤ect matrix and design e¤ect in the MLR model

Let b�� denote the minimum phi-divergence estimator of � for
multinomial sampling. It can be seen that

lim
n!1

V[
p
nb�� ] D H�1 ��0� .

The �design e¤ect matrix� for the MLR with sample survey design
is de�ned as

lim
n!1

V[
p
nb��,P ]V�1[pnb�� ] D H�1 ��0�G ��0�

The "design e¤ect�, for the MLR model with sample survey design
is de�ned as

�.�0/ D
1
dk

trace
�
H�1.�0/G.�0/

�
.
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Design e¤ect matrix and design e¤ect in the MLR model

The design e¤ect is specially interesting for models such that

E[bYhi ] D mh�hi ��0� and V[bYhi ] D �mhmh1.�hi ��0�/, (1)

�mh D 1C �
2
h.mh � 1/,

�mh � Parameter of overdispersion
�2h � Intra-cluster correlation coe¢ cient
Clusters have equal size in the strata, mhi D mh , h D 1, ...,H,
i D 1, ..., nh .

Examples of distributions of bYhi verifying (1) are the so-called
�overdispersed multinomial distributions� (Dirictlet-multinomial,
Random-clumped, m-in�ated distribution)

After obtaining the pseudo minimum phi-divergence estimator of
parameter �, b��,P , the interest will be in estimating the intra-cluster
correlation coe¢ cient as well as the parameter of overdispersion.
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Design e¤ect matrix and design e¤ect

Theorem
Assume whi D wh, i D 1, ..., nh. An estimator of the parameter of
overdispersion based on the � linearization method of Binder� is

b�mh .b��,P / D 1
dk

trace

0@ nhX
iD1

mh1.��hi .b��,P //
 xhixThi
!�1

�
nhX
iD1

�
vhi .b��,P /� vh.b��,P /� �vhi .b��,P /� vh.b��,P /�T

!

with vhi .b��,P / D r�hi .�/
 xhi and vh.b��,P / D 1
nh

nhX
kD1

vhk .b��,P /, and an
estimator of the intra-cluster correlation coe¢ cient is

b�2h.b��,P / D b�mh .b��,P /� 1
mh � 1
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Design e¤ect matrix and design e¤ect

Theorem

Let b��,P the pseudo minimum phi-divergence estimate of parameter � for
a multinomial logistic regression model with �overdispersed multinomial
distribution�. An estimator of the parameter of overdispersion based
on the �method of moments� is given by

e�mh .b��,P / D 1
nhd

nhX
iD1

dC1X
sD1

�byhis �mh�his .b��,P /�2
mh�his .b��,P /

and a estimator of the intra-cluster correlation coe¢ cient based on the
�method of moments� , is

e�2h.b��,P / D e�mh .b��,P /� 1
mh � 1

.
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Simulation study: Minimum phi-divergence estimators

The pseudo minimum phi-divergence estimator

b��,P D argmin
�22

d� .bp,� .�//
d� .bp,� .�// D 1

�

HX
hD1

nhX
iD1

whimhi
dC1X
sD1

�his .�/ �

� byhis
mhi�his .�/

�
,

Divergence measure of Cressie-Read

��.x/ D

8<:
1

�.1C�/

�
x�C1 � x � �.x � 1/

�
, � 2 R� f�1, 0g

x log x � x C 1, � D 0
� log x C x � 1 � D �1

.

� 2 f0, 23 , 1, 1.5, 2, 2.5g
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Experiment of simulation

bYi � Described by Dirichlet-multinomial (DM), Random-clumped
(RC), m-in�ated (m-I))
H D 1 (One stratum). Di¤erent number of clusters in the stratum
and di¤erent size in each cluster
d D 3 (Four classes) and K D 4.
The true probability associated with the cluster i is
�i
�
�0
�
D .� i1

�
�0
�
,� i2

�
�0
�
,� i3

�
�0
�
,� i4

�
�0
�
/T , where

�i
�
�0
�
D

expfxTi �
0
r gPdC1

sD1 expfx
T
i �

0
s g
,

� D .�T1 ,�
T
2 ,�

T
3 ,�

T
4 /
T , with �T1 D .�0.3,�0.1, 0.1, 0.2/,

�T2 D .0.2,�0.2,�0.2, 0.1/, �
T
3 D .�0.1, 0.3,�0.3, 0.1/,

�T4 D .0, 0, 0, 0/

xi
ind
� N .�,6/, � D .1,�2, 1, 5/T , 6 D diagf0, 25, 25, 25g, i D

1, : : : , n,
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Scenarios

We consider 5 di¤erent scenarios

Scenario 1: n D 60, m D 21, �2 2 f0.05ig19iD0, DM, RC and m-I
distributions
Scenario 2: n 2 f10ig15iD1, m D 21, �

2 D 0.25, RC distribution
Scenario 3: n D 60, m 2 f10ig10iD1, �

2 D 0.25, RC distribution
Scenario 4: n D 60, m 2 f10ig10iD1, �

2 D 0.75, RC distribution
Scenario 5: n D 20, m 2 f10ig10iD1, �

2 D 0.25, RC distribution
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Conclusions for parameteres (Mean square error)
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Conclusions for intra-cluster correlation coe�cient (Mean
square error)

The best estimator of �2 with Binder�s method is obtained with
� D 2/3
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