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Implicit weighting in the normalization of
aggregate variables generates distorted
composite indices (CI). This distortion is 
associated with the uneven range of each
distribution, the fact that the maximum and
minimum values differ from one variable to
another, and the asymmetry of each variable.
Controlling implicit weighting is a pending
issue. All normalization procedures reviewed
in this research counteract the influence of
implicit weighting only partially. The
balanced standardization proposed in this 
study achieves the triple purpose of
simultaneously matching the ranges between
variables, matching the maximum and
minimum between them, and controlling the
asymmetry in each distribution. This new
procedure neutralizes implicit weighting in
the cross-sectional or longitudinal
aggregation of variables. The variables of
educational backwardness in Mexico
illustrate this procedure. The methodological
proposal of this research is applicable to any
subject where space-time normalization is 
necessary. 

Introduction 

Normalization, standardization, and transformation should be clarified to avoid 
confusion in the elaboration of composite indicators. The transformation modifies 
the shape of the data distribution; therefore, it is appropriate to remove or smoothen 
the skewness for data manipulation using parametric statistics. Traditional 
transformation procedures (e.g., square root or logs of the original values) are used to 
obtain a Gaussian (normal) distribution of values rather than to standardize or 
normalize them. There are at least four reasons for the confusion between 
standardization and normalization: i) the conventional use of terms in statistics. 
‘Standardization’ is specially reserved for z values and ‘normalization’ for all other 
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rescaling procedures; ii) normalization does not ‘normalize’ in the sense of 
transforming data in a normal or Gaussian distribution, but it expresses them in 
abstract numbers; iii) both normalization and standardization entail rescaling data, but 
with a different approach, as described in this study. The most known (classical) 
versions of standardization and normalization do not change the shape of the data 
distribution; and iv) in data mining, in data preprocessing, there is no difference 
between standardization and normalization (Han et al. 2023). 

In this study, the term ‘normalization’ is used to refer to any procedure rescaling 
and expressing the data into comparable, pure, abstract, and dimensionless numbers 
without necessarily changing the shape of the distribution. This definition includes 
standardization (z score normalization), which follows the conventional use of 
statistical terms. Eventually, some recent versions of normalization change the 
distribution shape (normalized in the Gaussian sense). ‘Standardization’ instead of 
‘normalization’ may also be used if the data mining terminology is specified. 

This study addresses the desirable effects to control the implicit weighting of 
variables added in a composite index (CI). The general objective of this research is to 
propose and illustrate a balanced spatiotemporal normalization. It is balanced because 
the procedure controls the implicit weighting in the asymmetry and the uneven length 
ranges with unequal maximum and minimum values. It is spatiotemporal because the 
normalized data are suitable for cross-sectional and longitudinal analysis. 
Normalization procedures can be transversal or cross-sectional (relative) if they refer 
to a spatial distribution at a moment in time (e.g., one year) or longitudinal (absolute) 
if they consider a succession of moments (e.g., several years of a period). This research 
includes an examination of a selection of the most common transversal and 
longitudinal versions of alternative normalization procedures (Mazziotta‒Pareto 
2021, 2022; Sojda‒Wolny 2020; Walesiak 2018; Dębkowska‒Jarocka 2013). 

The review and application of current normalization procedures provide the 
methodological and empirical framework for the proposed method. The educational 
backwardness variables in the regions and states of Mexico in the 2000 to 2020 period 
illustrate the methodological contribution of the new procedure. 

CIs are necessary for various disciplinary fields. The suggested balanced 
normalization procedure is applicable to continuous variables of composite indices 
of all kinds generated for different geographic scales and time periods. 

Background 

A composite index (CI) is the synthetic way of numerically expressing a complex idea 
or message about a specific problem without losing sight of the general framework 
of the phenomenon considered. This synthetic value only makes sense when it is 
compared with other values in a place at a given time (transverse or cross-sectional 
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comparison) or with itself over time (longitudinal comparison). These comparisons 
are possible thanks to the normalization of the variables. 

Raw data, for example, may be available in percentages; kilometers; persons per 
room, bedroom, or square kilometer; minutes; micrograms per cubic meter; and rates 
per thousand or hundred thousand persons. Normalization expresses the original 
variables in the same abstract or dimensionless unit of measure so that they are 
comparable and aggregated in a CI. Other essential functions of normalization are to 
a) invert the negative polarity of the variables of a CI; b) identify outliers that make it 
difficult to use parametric statistics; c) reduce the adverse impact of data magnitude; 
d) ensure that the variables are comparable in time and space; and e) balance the 
implicit weight in unequal ranges, maximum and minimum values between variables, 
and asymmetry of each variable. This research focuses on this last issue, which has 
not yet been considered in the current literature. 

Until now, there has been no procedure to control the implicit weighting of 
variables when they are aggregated into a space-time synthetic index. The three 
characteristics that exert this implicit weighting are the uneven length range of the 
values between variables, unequal maximum and minimum values between them, and 
the asymmetry of each distribution. 

Uneven length ranges. The range is the distance between the maximum and minimum 
values of the variable. The uneven range between variables produces distorted indices 
because they are biased toward the greater ranges (implicit weighting). Between 
distributions of uneven range, the greater one dominates because low values in some 
variables are relatively high in others. Example: In the ‘constrained min-max 
normalization’ (zMP in this research) of Mazziotta‒Pareto (2022), ranges are the same, 
but the difference in values at the extremes between variables and the asymmetry in 
each variable remain unsolved problems. 

Unequal highest and lowest values. The variables with higher values at the extremes 
dominate in the aggregate index, even though they have the same range. Low values 
in variables with high values (e.g., in a data spreading between 50 to 80) will be high 
for low-value variables (e.g., in a data spreading between 5 to 35), even though the 
range is equal between variables (30 in the example). Variables with the same 
maximum and minimum values have the same range, but the contrary is incorrect. 
Variables with the same range do not necessarily have the same lowest and highest 
values. Example: In the min-max normalization (zMM in this study), explained in the 
OECD (2008), the highest and lowest values are the same between variables, ergo, 
the range is the same, but they keep the asymmetry of the original values. 

Asymmetry. Variables with the same range and maximum and minimum values may 
have different degrees of asymmetry. The asymmetry creates or magnifies the 
substitution or compensatory effect in the linear aggregation of the variables. The 
asymmetry may be to the right or left. The first one, also known as positive skewness, 
shows the concentration of cases at low values, creating a right-tailed distribution. 
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The mean appears to the right of (greater than) the median in such a way that the sum 
or average of the variables with the highest value offsets or 'hides' the variables with 
the lowest value. In left-skewed variables (negative skew), most cases have high values 
in the original variable. In this second case, the variables do not significantly 
differentiate the observations and should be omitted from the investigation 
(Balcerzak 2016). 

The skewness correction usually adjusts for kurtosis as well because normalization 
smooths and obtains a symmetric distribution, without exaggerated peaks or clustered 
data at the extremes. This correction can be verified with the standardized kurtosis 
(zkurtosis), whose value, as in the standardized skewness (zskw), must be in the range ±2. 

There are two options to correct skewness (and kurtosis). The first option, the 
traditional option, includes two steps (Gilthorpe 1995): i) 'normalize' the variables 
using the known transformation procedures, such as logs, square root, the inverse of 
the variable, Box‒Cox or arc sine of the variable, and ii) the transformed variable is 
normalized by a usual procedure, such as the min-max method applied to the Human 
Development Index (HDI). The min-max normalization achieves an equal range and 
matches values at the extremes of the previously normalized data. 

The second option to correct the asymmetry is simultaneously transforming and 
standardizing the variable, as in the ‘median absolute deviation from the median’ 
(zMAD) (Leys et al. 2013) or in the procedures analyzed in this investigation. Only in 
the new procedure suggested in this research are the lowest and highest values equal 
between variables; therefore, their ranges are equal, and the standardized skewness is 
acceptable (±2). 

The unwritten rule in CIs is that all variables are positive because an increase in 
the variable is reflected in an increase in the CI. Otherwise, each normalization or 
aggregation procedure must provide the option to reverse the polarity of the variable. 

Selected normalization procedures 

This study is focused on normalization procedures used in both cross-sectional 
(relative or synchronic) and longitudinal (absolute or diachronic) composite indices. 
This decision rules out indices of ordinal or hierarchical nature that alter the distance 
between cases, such as Knox (Ricketts et al. 2006), Borda (Dasgupta‒Weale 1992), or 
percentiles (Acharya‒Porwal 2020; Flanagan et al. 2011). These indices are for cross-
sectional use only. The only possible space-time comparison of the relative indices 
refers to the shifts between the ranks, without considering absolute increases or 
decreases over time in the standardized variable. The research also omits indexing 
based on the 'distance to a reference' or to the value of a specific year because it does 
not modify the coefficient of variation (CV) of the original values (Mazziotta‒Pareto 
2022, 2021). 
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Cross-sectional normalization 

a) zt0‒normalization (or standardization). Raw data usually have different measures of 
central tendency (e.g., mean and median), unequal ranges of values, and skewed 
distributions. Normalization is usually of interest to express the variables in 
dimensionless measurements without addressing the rest of the important 
characteristics in the elaboration of composite indices. This procedure centers the 
mean at zero and the standard deviation at unity. The zt0 normalization is only 
appropriate for normal raw data where the skewness does not distort the meaning of 
the parameters. This normalization does not eliminate asymmetry, the minimum and 
maximum values between variables are different, and the ranges between them are 
uneven. 𝑧 = ̅      (1) 

where xi= raw value; �̅� and 𝜎 are the mean and standard deviation, respectively. 
b) Normalized boxes (zQ). Sibley (1987) suggests a two-step normalization to solve 

the problem of unequal medians. The first step is to center all box plots at zero to 
visualize the asymmetric spread of values between the variables. This step subtracts 
the median from the raw value ('Centered Boxes', zc). The matching of medians 
between variables provides the same reference to the procedures seeking to control 
the dispersion of values. The second step is similar to obtaining z values using the 
classic Formula z = (xi-mean)/standard deviation, but it replaces the numerator with 
the 'Centered box' and divides by the interquartile range (‘normalized boxes', zQ). This 
process centers the medians at zero and rescales data without matching values at the 
extremes, eliminating unequal ranges between the variables or modifying the original 
lopsidedness in each of them. 

Centered boxes: 𝑧 = 𝑥 −𝑀𝑒, where Me= Median.  (2) 
Normalized boxes (zQ): 𝑧 =     (3) 

where Q1 and Q3= the first and third quartiles, respectively. 
c) Min-max normalization (zMM). This procedure initially scales the data from 0 to 1. 

It is also known as the zero unitarization method (ZUM) (Kukuła 2014) or feature 
scaling in machine learning algorithms (Wikipedia entry). It has been used in human 
geography since at least the mid-seventies (Smith 1975). This method matches the 
same maximum and minimum values for all variables, equalizing the range between 
them, but the asymmetry in the distribution persists if it exists at all. Assume that 
there are two variables standardized between 0 and 1 in three different cases. In the 
first case, one variable is symmetrical, and the other is skewed to the right. The second 
variable will dominate the synthesis of both variables. In the second case, both 
variables have similar positive skewness. The addition of both variables is also biased 
because the mean is far away from the center, which divides the distribution into two 
equal segments (the median). Finally, in the third case, both variables have the same 
skewness, but in opposite directions, one positive and the other negative. The variable 
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with negative skewness should be eliminated from the calculations unless its polarity 
is inverted. It measures an opposite concept to that in the composite index. If it is 
inverted, skewness in both variables should be controlled to avoid the problems 
described in the two previous cases. Distributions do not need to be perfectly normal 
(Gilthorpe 1995). A standardized skewness (the z value of skewness, zSkw) of ±2 is 
acceptable to add variables with parametric statistics in a composite index: 𝑧𝑆𝑘𝑤 =        (4) 

The min-max procedure, originally in the range between 0 and 1, may be expressed 
in any range by using its general version (Smith 1975; Han et al. 2023; Il Choi 2019): 

   
(5) 

where xminN= Minimum value in the new scale of xi; XmaxN= Maximum value in the 
new scale of xi; xmin= Minimum value observed of xi; xmax= Maximum value observed 
of xi. 

In this research, the formula for min-max (zMM) expresses the values in the range 
from 70 to 130 for a better comparison with other versions in this investigation or to 
use aggregation methods that would not be possible with zero values (e.g., geometric 
mean or logs). 𝑧 = ∗ 60 + 70,     (6) 
where Min and Max are the lowest and highest values of the variable, respectively. 

d) Restricted min-max normalization (zMP). The authors only present the longitudinal 
version of this method, but it can be easily adapted to cross-sectional analysis 
(Mazziotta‒Pareto 2022; Cutillo et al. 2021). The procedure focuses on the equal 
range and lower variance of the distribution (compared to zMM) without matching the 
maximum and minimum values between variables or correcting the asymmetry of the 
raw data. As in zMM, zMP normalization eliminates the unequal range between variables 
without guaranteeing symmetry in each of them. The procedure solves the unequal 
range problem and thus partially solves the unequal variance issue. Unfortunately, 
variance is also related to skewness since the distribution of values may be more 
loaded toward one end than the other in variables having the same range. The method 
is similar to zMM, but the reference is not the minimum value but a convenient point 
for interpretation (e.g., mean, median, or any convenient benchmark value). 𝑧 = ∗ 60 + 70, where Ref= Median or mean.   (7) 

e) Robust normalization (zRN). This method matches medians and box sizes on an 
interquartile range from 1 to -1 (Brimicombe 2000). The zNR procedure focuses on 
Q1, Me, and Q3 to standardize and normalize the values, but the maximum and 
minimum extremes are undefined. This procedure partially controls asymmetry, and 
the uneven range problem between the variables persists. The formula scales Q1 and 
Q3 to 70 to 130, respectively, for comparison purposes. The median is scaled to one 
hundred. 

𝑧𝑀𝑀 = 𝑥𝑖 − 𝑀𝑖𝑛𝑀𝑎𝑥 −𝑀𝑖𝑛 ∗ (𝑥𝑀𝑎𝑥𝑁 − 𝑥𝑀𝑖𝑛𝑁 + 𝑥𝑀𝑖𝑛𝑁 ∗ 100 
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𝑧 = ∗ 30 + 100, 𝑓𝑜𝑟 𝑥 < 𝑀𝑒     (8) 𝑧 = ∗ 30 + 100, 𝑓𝑜𝑟 𝑥 > 𝑀𝑒   (9) 

Terms defined as in the previous formulas. 
f) Balanced normalization (zBN). The median equals one hundred with the maximum 

and minimum equal to 130 and 70, respectively. In this procedure, the lowest and 
highest values, rather than Q1 and Q3 as in Brimicombe (2000), are between –1 
(Minimum) and 1 (Maximum), with the median centered at zero. It corrects the 
asymmetry and solves uneven range problems; the values at the extremes are the same 
for all the variables. This procedure is an adaptation of robust normalization (zRN), 
which, in turn, is an evolution of the ‘normalized boxes,’ zQ (Figure 1). The formula 
scales zBN values between 70 and 130 to compare results with zMP, ZMM and zRN. 𝑧 = ∗ 30 + 100, 𝑓𝑜𝑟 𝑥 < 𝑀𝑒   (10) 𝑧 = ∗ 30 + 100, 𝑓𝑜𝑟 𝑥 > 𝑀𝑒   (11) 

Terms defined as in the previous formulas. 
In the case of variables with negative polarity (not considered in the case study), 

there are at least three options: i) to multiply the term in parentheses by -1; ii) to 
subtract the normalized variable as follows: 200 - zBN, zMP, zMM, or zRN; iii) to 
manipulate the terms in the formula. Once normalization for positive polarity is 
conducted, option ii) is the simplest and fastest way to obtain the normalization of 
variables with negative polarity. 

There are two procedures that segment data such as zBN, but they should not be 
confused with it. Both methods are omitted in this research. The first method is an 
adaptation of ZUM for variables that increase in a lower range and decrease after 
reaching a specific point (Kukuła 2014). This normalization is not suitable for 
composite indices with positive polarity variables (stimulants or benefit variables). An 
increase in these variables increases the CI. This is not the case for standardized 
variables with the inverted- u pattern in the ZUM’s adaptation. 

The second procedure divides the data distribution into three segments: a 
reference interval and values above and below this interval (upper and lower intervals, 
respectively). In the reference interval, data are standardized using the ‘median 
absolute deviation from the median’ (zMAD) (Leys et al. 2013; Crews‒Peralvo 2007).1 
Values outside the reference interval are standardized using zMAD adapted to the 
corresponding interval (Łuczak‒Just 2021). In this procedure, as in the original zMAD 
or classical z normalization, the maximum and minimum values do not match 
between variables. The implicit weighting persists in different maximum and 
minimum values between variables and therefore in their different ranges. 

  
1 zMAD is also known as modified z score (Iglewicz‒Hoaglin 1993), the Weber spatial median (Łuczak‒Just 2020) 

or Oja´s spatial median (Łuczak‒Just 2021). 
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Longitudinal normalization 

The data normalization procedure determines whether the composite index is 
comparable over time (Rinner‒Pietropaolo 2021). Raw data refer to the observations 
of each year, so comparisons over time are not feasible unless the comparison is 
ordinal (changes in rank or stratum) and discarded in this research. One option to 
overcome this limitation is piling up the data in an arrangement that stacks the 
information from one year to the next in a single database, as suggested by Norman 
(2010, 2015), Exeter et al. (2011) and Norman‒Darlington-Pollock (2017). The 
identification of the maximum and minimum values, median, and range length in this 
stacked database allows the normalization of each variable considering all the cases in 
all the years at the same time. Heinrich et al. (2017) refer to this procedure as 'joint 
standardization.' 

Figure 1 
Evolution of the balanced normalization procedure (zBN) 

 
Note: Elaboration in this study based on Brimicombe (2000). 
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The longitudinal extension of each cross-sectional index is as follows (zQ evolves 
toward robust normalization and balanced normalization): 

a) zt0 normalization. Mazziotta‒Pareto (2022) and OECD (2008) suggest taking the 
mean and standard deviation of year 0 as a reference, even if the initial cross-sectional 
or longitudinal distribution is not normal. These parameters remain constant for the 
entire period. An alternative version is to take as reference the mean and deviation of 
the stacked data for the entire period (Norman 2010, 2015; Exeter et al. 2011; 
Norman‒Darlington-Pollock 2017). This research does not consider this second 
version to avoid redundancy and shorten procedures. 

b) zMM, zMP, zRN and zBN normalizations. The maximum and minimum values 
correspond to the stacked data. In all normalizations, except zMM, the reference value 
can be a specific year, initial (e.g., 2000), or intermediate (e.g., 2010 in the period 2000 
to 2020), which remains fixed for all calculations in the period. The example of this 
research uses the median of all stacked-up years (pooled cross-section data) as a 
reference. The use of the median instead of the mean is appropriate because it is 
robust to skewness, and its difference from the mean is not significant in normal 
distributions. The mean, on the other hand, demands the normality requirement. The 
normalization zQ is calculated in an analogous way to these procedures, but the first 
and third quartiles take the place of the maximum and minimum values. 

The balanced normalization (zBN) is on the scale of 100 ± 30 for comparative 
purposes. A variant of the zBN would be to take as reference (Ref) the average of a 
specific year, as suggested by Mazziotta‒Pareto (2022) for zMP. The Ref could also be 
the value in each of the cases (e.g., states) of the reference year (e.g., 2010) instead of 
the average, but that would imply the loss of the hierarchy of the observations in that 
year (all the 2010 cases would be equal to 100). In this investigation, the Ref for zMP 
and zBN is the median of the period 2000 to 2020. 

Methodology and data 

The cross-sectional versions of the selected procedures are first evaluated with box 
plots and basic descriptive statistics to subsequently address the longitudinal versions 
applicable to the case study. The statistical significance of changes in the longitudinal 
analysis is measured with t tests. All calculations and charts are made with Statgraphics, 
v. 16.1.03, SPSS v.26.0.0.0 and Microsoft 365 Excel. 

The study illustrates the cross-sectional and longitudinal normalization procedures 
with variables of educational backwardness in the 32 states of Mexico and aggregated 
in three regions (Figure 2).2 Educational backwardness is defined by the three 
variables (components, in CONEVAL terminology) of one out of the five indicators 
(dimensions) of social backwardness in Mexico: ‘illiterate population aged 15 or over’ 

  
2 In addition to the educational backwardness, the social backwardness includes variables on access to health 

services, housing quality and housing spaces, basic housing services, and household goods (CONEVAL 2007). 
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(x1); ‘population aged 6 to 14 not attending school’ (x2); and ‘population aged 15 and 
over with incomplete basic education’ (x3). The data come from CONEVAL (2021). 
The states are grouped into the three large regions of Mexico identified by Angoa et 
al. (2009). 

Figure 2 
Regions and states of Mexico 

 
Notes: The states of Mexico: AGS – Aguascalientes; BC – Baja California; BCS – Baja California Sur;  

CAM – Campeche; CDMX – Mexico City; CHIS – Chiapas; CHIH – Chihuahua; COA – Coahuila; COL – Colima; 
DGO – Durango; GTO – Guanajuato; GRO – Guerrero; HGO – Hidalgo; JAL – Jalisco; MEX – México State; 
MICH – Michoacán; MOR – Morelos; NAY – Nayarit; NL – Nuevo León; OAX – Oaxaca; PUE – Puebla;  
QRO – Querétaro; QR – Quintana Roo; SLP – San Luis Potosí; SIN – Sinaloa; SON – Sonora; TAB – Tabasco; 
TAM – Tamaulipas; TLA – Tlaxcala; VER – Veracruz; YUC – Yucatán; ZAC – Zacatecas. Adapted from Angoa et 
al. (2009). Aguascalientes relocated to the Center region. The region for each state is in brackets. 

Results 

The cross-sectional study included two tasks. The first presents the main 
characteristics of the normalizations in the regions of Mexico for each year of the 
period 2000 to 2020 (Table 1). In all the cross-sectional normalizations, in all years of 
the period, the North reports the least backwardness, followed by the Center and the 
South, in this order. In classical normalization, the regional hierarchy is the same for 
all years, and their ranges are uneven. In the min-max, restricted min-max and 
balanced normalizations, the regions have the same rank, but in the first two, the 
hierarchy is the same regardless of whether the values increase or decrease from one 
year to another. Balanced normalization does not allow comparisons because 
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everything is the same from year to year: The values at the extremes (70 and 130), 
mean (100), stdv (24.5) and range (60) are the same. These results confirm the main 
limitations of cross-sectional normalization for longitudinal analysis. It is necessary to 
apply longitudinal normalizations so that the comparisons are adequate, as Mazziotta‒
Pareto (2022) point out. 

Table 1 
Regions of Mexico. Transversal normalizations, 2000 to 2020  

(Raw values xi in percentages) 
Raw data (xi), percentages 

Region 
x1 x2 x3 

2000 2005 2010 2015 2020 2000 2005 2010 2015 2020 2000 2005 2010 2015 2020
North 5.0 4.4 3.5 2.7 2.4 7.0 4.4 4.0 3.1 5.3 49.0 42.8 36.8 30.6 25.0 
Center 9.6 8.4 6.7 5.2 4.4 7.7 5.1 4.5 3.4 5.8 53.1 46.1 41.2 35.1 29.1 
South 15.3 13.8 11.4 9.3 8.3 9.5 5.8 5.5 4.0 6.4 61.0 53.2 47.8 41.8 36.0 
Mean 10.0 8.8 7.2 5.8 5.0 8.1 5.1 4.7 3.5 5.8 54.3 47.4 41.9 35.8 30.0 
Stdv 4.2 3.9 3.3 2.7 2.4 1.1 0.6 0.6 0.4 0.5 5.0 4.4 4.5 4.6 4.5 
Max 15.3 13.8 11.4 9.3 8.3 9.5 5.8 5.5 4.0 6.4 61.0 53.2 47.8 41.8 36.0 
Min 5.0 4.4 3.5 2.7 2.4 7.0 4.4 4.0 3.1 5.3 49.0 42.8 36.8 30.6 25.0 
Median 9.6 8.4 6.7 5.2 4.4 7.7 5.1 4.5 3.4 5.8 53.1 46.1 41.2 35.1 29.1 

z-normalization 
Region z1 z2 z3 

North –1.18 –1.16 –1.14 –1.11 –1.07 –1.00 –1.21 –1.04 –1.02 –1.15 –1.08 –1.05 –1.13 –1.13 –1.10 
Center –0.08 –0.11 –0.16 –0.20 –0.26 –0.36 –0.03 –0.30 –0.33 –0.13 –0.25 –0.29 –0.17 –0.16 –0.22 
South 1.26 1.28 1.30 1.31 1.33 1.36 1.24 1.35 1.36 1.29 1.33 1.34 1.30 1.30 1.32 
Mean 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
Stdv 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
Range 2.45 2.44 2.43 2.43 2.41 2.37 2.45 2.39 2.38 2.44 2.41 2.40 2.43 2.43 2.42 

Min-Max normalization (zMM) 
Region z1MM z2MM z3MM 

North 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 
Center 97.1 95.8 94.2 92.7 90.2 86.4 98.7 88.6 87.4 95.1 90.6 89.1 93.8 93.9 91.9 
South 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 
Mean 99.0 98.6 98.1 97.6 96.7 95.5 99.6 96.2 95.8 98.4 96.9 96.4 97.9 98.0 97.3 
Stdv 24.5 24.6 24.6 24.7 24.9 25.3 24.5 25.1 25.2 24.6 24.9 25.0 24.7 24.7 24.8 
Range 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 

Restricted Min-Max normalization (zMP) 
Region z1MP z2MP z3MP 

North 41.0 41.4 41.9 42.4 43.3 44.5 40.4 43.8 44.2 41.6 43.1 43.6 42.1 42.0 42.7
Center 68.0 67.2 66.1 65.1 63.5 60.9 69.2 62.4 61.6 66.7 63.7 62.8 65.9 66.0 64.6
South 101.0 101.4 101.9 102.4 103.3 104.5 100.4 103.8 104.2 101.6 103.1 103.6 102.1 102.0 102.7
Mean 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0
Stdv 24.5 24.6 24.6 24.7 24.9 25.3 24.5 25.1 25.2 24.6 24.9 25.0 24.7 24.7 24.8
Range 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0

Balanced normalization (zBN) 
Region z1BN z2BN z3BN 

North 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0 70.0
Center 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
South 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0
Mean 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Stdv 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5 24.5
Range 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0 60.0

Note: Calculations by the author. x1: ‘illiterate population aged 15 or over’; x2: ‘population aged 6 to 14 not 
attending school’; and x3: ‘population aged 15 and over with incomplete basic education’. The standardized box (zQ) 
and robust normalization (zRN) are omitted because they evolve to the balanced normalization zBN. 
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Figure 3 
Educational backwardness variables in the Mexican states.  

Effect of transversal normalization on the raw data (xi), 2020 

 

Raw values (xi). Skewed values with unequal 
medians, uneven ranges, and different lowest 
and highest values of the three variables. 

 Me Min Max Range zSke zKur 

x1 3.5 1.40 13.70 12.30 3.55 2.27 
x2 5.6 3.80 10.50 6.70 3.65 5.33 
x3 28.2 17.50 48.10 30.60 2.18 0.58 

 

 

Classic normalization (zt0). Means equal to zero and 
standard deviation equal to unity. Uneven 
ranges, outliers in the three variables, same 
asymmetry of the raw data. 

 Mean stdv Min Max Ran-
ge zSke zKur 

z1t0 0.00 1.02 –1.05 2.88 3.93 3.55 2.27 
z2t0 0.00 1.02 –1.61 3.74 5.35 3.74 5.57 
z3t0 0.00 1.02 –1.62 2.54 4.16 2.18 0.57 

 

 

Normalized box (zQ). Equal medians (zero), same 
asymmetry of the raw data, uneven ranges and 
outliers in the three variables. 

 Me Min Max Range zSke zKur 

z1Q –0.43 –0.64 3.10 3.74 3.55 2.27 
z2Q –0.40 –1.18 3.11 4.29 3.74 5.56 
z3Q –0.66 –1.34 2.50 3.84 2.18 0.57 

 

Robust normalization (zRN). Equal medians (100), 
equal interquartile ranges (70 to 130), uneven 
ranges. Less asymmetry than previous 
normalizations, but the skewness problem in the 
variables x2 and x3 remains. Outliers in the three 
variables. 

 Me Min Max Range zSke zKur 

z1NR 100 30.51 228.48 197.97 1.74 0.46 
z2NR 100 20.93 268.73 247.80 3.00 4.28 
z3NR 100 15.05 275.51 260.46 2.41 0.71 

 

(Figures continue on the next page.) 
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(Continued.) 

Min-max normalization (zMM). Different medians 
in the three variables; same extreme values (70 
and 130); same range (60). Same asymmetry of 
the raw data. Outliers in the three variables. 

 Me Min Max Range zSke zKur 

z1MM 80 70 130 60 3.55 2.27 
z2–
MM 86 70 130 60 3.74 5.55 
z3MM 91 70 130 60 2.18 0.57 

 

Restricted min-max normalization (zMP). Same 
median in the three variables; unequal min and 
max values; same range (60). Same asymmetry of 
the raw data. Outliers in the three variables. 

 Me Min Max Range zSke zKur 

z1MP 70 60 120 60 3.55 2.27 
z2MP 70 54 114 60 3.74 5.54 
z3MP 70 49 109 60 2.18 0.57 

 

Balanced normalization (zBN). Same median in the 
three variables; same min‒max values (70 to 
130) and same range (60). Outliers only at z2, 
but with acceptable skewness (±2). 

 Me Min Max Range zSke zKur 
z1EB 100 70 130 60 0.11 –0.47 
z2EB 100 70 130 60 0.15 1.03 
z3EB 100 70 130 60 0.49 –0.05 

 

Note: Elaboration by the author based on the same data as for Table 1. Variables are the same as in Table 1.  
Me = median; Min and Max = minimum and maximum values, respectively; Range = max–min; 
zSkew = skewness/skewness error; zKurtosis = kurtosis/kurtosis error. Subscripts on the z values indicate the 
following: MM: min-max; MP: Mazziotta-Pareto or restricted MM normalization; BN: balanced normalization. The 
number in z indicates the standardized educational backwardness variable. Boxplots and standardized skewness and 
kurtosis values are obtained with Statgraphics, v. 16.1.03. 

At the state level, the normalizations provide greater geographical detail of the 
procedures analyzed and generate the necessary information for the second task of 
cross-sectional analysis. The 2020 cross-sectional study confirms that the hierarchy is 
the same for all states, regardless of the normalization used. This research does not 
provide cross-sectional information in the states for the rest of the period to avoid 
redundancy since the results are similar to those obtained at the regional level.3 

The second cross-sectional task, with information from the 32 states of Mexico 
for 2020, creates box plots that are combined with basic statistics to evaluate the effect 
of each normalization on the range, the lowest and highest values, and the asymmetry 

  
3 The information on the transversal and longitudinal normalization is available at the following link: 

https://github.com/jtrevino41/Pobreza-en-Mx/raw/main/EdBack_Annex.docx  
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in the three variables of educational backwardness. The normalization procedures, 
except for zRN and zBN, do not modify the skewness of the original data. In the 
normalizations with a range from 70 to 130, only the constrained min-max (zMP) does 
not have exact extreme values. These results show that equal ranges do not guarantee 
better normalization. It is also necessary to consider the tie of the maximum and 
minimum value between the variables and the asymmetry in each one of them. Only 
the balanced normalization (zBN) achieves this triple purpose and confirms that the 
skewness correction also adjusts the kurtosis (correcting one corrects the other) 
(Figure 3). 

The longitudinal analysis illustrates the normalizations at the level of regions and 
states. In the regions, in all the normalizations and all the variables of educational 
backwardness, the maximum corresponds to the South region in the year 2000. The 
minimum corresponds to the north in 2020, except for the variable z2, whose 
minimum corresponds to 2015 (Table 2). These results show a decreasing trend of 
the variables z1 and z3 in all the normalizations. The exception is z2, whose minimum 
is reached by the North in 2015. The regional arithmetic mean clearly shows these 
trends in all normalizations. In z1 and z3, the regional average decreases continuously 
for all the years of the period, while in z2, the trend is reversed from 2015 to 2020. 
The average of the raw data decreases throughout the period without showing the 
change in the direction of z2, as detected by longitudinal normalizations. For 
comparison purposes, the study includes a version of the balanced normalization that 
uses the national average in 2010 as a reference (zBR), as suggested by the constrained 
min-max normalization (zMP). The results do not add additional relevant information 
to that obtained by the balanced normalization with the median of the period as a 
reference. The possible advantage of zBR is that the reference remains fixed and avoids 
recalculating the indices when new information is added. This advantage is not 
convincing because it is necessary to identify the new minimum and maximum value 
anyway. If these values change, the recalculation of previous values is inevitable, 
although not very laborious with any computer equipment. The supposed advantage 
of zBR disappears because this last argument is also valid for the rest of the procedures. 

The balanced normalization modifies the original values in a way that is consistent 
with the rest of the normalizations. Furthermore, as the cross-sectional analysis 
shows, balanced normalization neutralizes the implicit weight associated with uneven 
ranges and different maximum and minimum values at the extremes between the 
variables and the asymmetry of each variable. These characteristics reveal that zBN is 
an attractive procedure to normalize variables in a transversal or longitudinal way, 
especially those that are aggregated in a spatiotemporal composite index. This 
argument is sufficient to describe the longitudinal pattern of the variables at the state 
level based on zBN. 
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Table 2 
Regions of Mexico. Longitudinal normalizations, 2000 to 2020  

(Raw values xi in percentages) 

Year 
Raw data (xi): average of the 

states within each region 
z–normalization refered to t0 

(zt0); mean=0 & Stdv= 1 en t0) 
 North Center South Mean Stdev  North Center South Mean Stdev 

2000 x1 5.03 9.65 15.26 9.98 4.18 z1t0 –1.18 –0.08 1.26 0.00 1.00 
2005  4.36 8.40 13.76 8.84 3.85  –1.34 –0.38 0.90 –0.27 0.92 
2010  3.50 6.70 11.44 7.21 3.26  –1.55 –0.78 0.35 –0.66 0.78 
2015  2.74 5.24 9.34 5.77 2.72  –1.73 –1.13 –0.15 –1.01 0.65 
2020  2.42 4.40 8.30 5.04 2.45  –1.81 –1.33 –0.40 –1.18 0.58 
2000 x2 7.04 7.72 9.55 8.10 1.06 z2t0 –1.00 –0.36 1.36 0.00 1.00 
2005  4.43 5.10 5.82 5.12 0.57  –3.48 –2.85 –2.16 –2.83 0.54 
2010  4.05 4.48 5.45 4.66 0.59  –3.84 –3.43 –2.51 –3.26 0.56 
2015  3.08 3.35 4.03 3.48 0.40  –4.76 –4.50 –3.86 –4.37 0.38 
2020  5.32 5.79 6.44 5.85 0.46  –2.64 –2.19 –1.57 –2.13 0.44 
2000 x3 48.95 53.08 60.96 54.33 4.98 z3t0 –1.08 –0.25 1.33 0.00 1.00 
2005  42.78 46.11 53.22 47.37 4.35  –2.32 –1.65 –0.22 –1.40 0.87 
2010   36.78 41.17 47.84 41.93 4.55   –3.52 –2.64 –1.30 –2.49 0.91 
2015   30.65 35.08 41.75 35.83 4.57   –4.75 –3.86 –2.52 –3.71 0.92 
2020   25.04 29.05 36.02 30.04 4.54   –5.88 –5.07 –3.68 –4.88 0.91 

Year 
Min-Max normalization (zMM) from 
70 to 130, Ref=Me for 2000 to 2020 

Restricted Min-Max normalization (zMP) 
from 70 to 130; Ref= Me for 2000 to 2020 

 North Center South Mean Stdev  North Center South Mean Stdev 

2000 z1MM 82.2 103.8 130.0 105.33 19.54 z1MP 62.22 83.78 110.00 85.33 19.54 
2005   79.1 97.9 123.0 100.00 17.99   59.08 77.94 102.99 80.00 17.99 
2010   75.1 90.0 112.2 92.41 15.24   55.06 70.00 92.17 72.41 15.24 
2015   71.5 83.2 102.3 85.68 12.71   51.52 63.19 82.34 65.68 12.71 
2020   70.0 79.3 97.5 82.25 11.42   50.00 59.27 77.50 62.25 11.42 

2000 z2MM 106.8 113.1 130.0 116.63 9.80 z2MP 85.98 92.31 109.20 95.83 9.80 
2005   82.6 88.7 95.5 88.92 5.27   61.76 67.94 74.67 68.12 5.27 
2010   79.0 83.0 92.0 84.70 5.45   58.21 62.25 71.25 63.90 5.45 
2015   70.0 72.6 78.8 73.79 3.70   49.20 51.76 58.01 52.99 3.70 
2020   90.8 95.1 101.2 95.72 4.27   70.00 74.35 80.42 74.92 4.27 

2000 z3MM 109.9 116.8 130.0 118.92 8.32 z3MP 82.02 88.91 102.08 91.01 8.32 
2005   99.6 105.2 117.1 107.30 7.27   71.72 77.28 89.15 79.38 7.27 
2010   89.6 97.0 108.1 98.22 7.59   61.70 69.03 80.17 70.30 7.59 
2015   79.4 86.8 97.9 88.02 7.62   51.45 58.85 70.00 60.10 7.62 
2020   70.0 76.7 88.3 78.35 7.58   42.08 48.79 60.42 50.43 7.58 

(Table continues on the next page.) 
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(Continued.) 

Year 
Balanced normalization (zBN) from 
70 to 130; Ref= Me for 2000 to 2020 

Restricted balanced normalization (zRB) 

from 70 to 130; Ref= Country 2010 
 North Center South Mean Stdev  North Center South Mean Stdev 

2000 z1BN 88.34 110.33 130.00 109.56 17.02 z1RB 87.60 109.91 130.00 109.17 17.32 
2005   83.62 105.95 124.74 104.77 16.81   83.07 105.44 124.63 104.38 16.98 
2010   77.59 100.00 116.62 98.07 15.99   77.28 98.80 116.34 97.47 15.97 
2015   72.27 89.78 109.25 90.43 15.10   72.18 88.99 108.81 89.99 14.97 
2020   70.00 83.90 105.62 86.51 14.66   70.00 83.34 105.10 86.15 14.47 
2000 z2BN 112.23 117.07 130.00 119.77 7.50 z2RB 114.26 118.55 130.00 120.93 6.65 
2005   88.11 97.03 103.57 96.24 6.34   93.91 102.03 106.59 100.84 5.24 
2010   82.99 88.82 100.95 90.92 7.48   87.15 94.84 104.27 95.42 7.00 
2015   70.00 73.69 82.71 75.47 5.34   70.00 74.88 86.78 77.22 7.05 
2020   100.00 103.33 107.97 103.77 3.27   103.42 106.37 110.48 106.76 2.90 

2000 z3BN 111.24 117.68 130.00 119.64 7.78 z3RB 111.85 118.08 130.00 119.98 7.53 
2005   101.61 106.81 117.91 108.77 6.80   102.52 107.55 118.30 109.46 6.58 
2010   91.08 98.96 109.51 99.85 7.55   91.92 100.09 110.17 100.73 7.46 
2015   80.07 88.02 100.00 89.36 8.19   80.47 88.74 100.97 90.06 8.42 
2020   70.00 77.21 89.71 78.97 8.14   70.00 77.50 90.49 79.33 8.47 

Note: Elaboration by the author based on the methodology. Variables are the same as in Table 1. Bold numbers 
indicate the maximum and minimum value in each variable per period. Calculations based on the original data available 
at CONEVAL (2021). 

The state-level disaggregation reveals movements or changes of direction not 
detected at the regional or aggregate level. In the states, the absence of negative values 
in the differences of two out of the three variables with balanced normalization, the 
‘illiterate population aged 15 or over’ (z1BN) and the ‘population aged 15 and over 
with incomplete basic education’ (z3BS), shows a decreasing evolution in each of the 
five-year periods and in the period 2000 to 2020. The variable ‘Population from 6 to 
14 years old not attending school’ (z2BN), on the other hand, reports an increase in 
the five-year period 2005 to 2010 for the states of COL, CDMX, MOR, QR and 
SON, not detected in the regional analysis. The trend returns to the downward path 
in all states in the five-year period 2010 to 2015. The downward direction of z2EB 
stops in the last five-year period to give rise to a general increase in this variable in all 
states. The increase in z2BN from 2015 to 2020 is likely due to the sanitary 
confinement caused by the Covid-19 pandemic. This same explanation applies to the 
negative values of z2BN in the period 2000 to 2020 for CDMX and NL, where the 
health policy operated immediately. 

All positive or negative changes, by quinquennium or for the entire period, are 
statistically significant. In all five-year periods, the previous year has a higher average 
than the following year, except in z2 in the period from 2015 to 2020 (Table 3). The 
t tests for related data show that the decline in two (z1 and z3) out of the three 
variables of educational backwardness is statistically significant throughout the period 
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and in each of its five-year periods (Table 3). The changes in z2 are also significant, 
with the particularity that the statistical significance includes a change in trend in the 
last five years of the period. However, the result for the period 2000 to 2020 shows 
that the general trend of z2 is decreasing. 

These results show that balanced normalization expresses the variables in the same 
abstract measurement, controls the characteristics that generate an implicit weight 
when adding them to a composite index, and allows the statistical analysis of the 
space-time trend. 

Table 3 
Educational backwardness variables. T tests for paired samples with balanced 

standardized data for longitudinal analysis, 2000 to 2020 (n= 32) 

Years 
Illiterate (z1EB) Not Attending (z2EB) Incomplete (z3EB) 

Mean Stdv t Sig. Mean Stdv t Sig. Mean Stdv t Sig. 

2000 104.89 12.08 14.99 0.00 107.92 7.38 21.88 0.00 112.73 9.06 34.56 0.00 
2005 101.98 12.46 

  
96.91 7.73 

  
105.88 8.76 

  

2005 101.98 12.46 16.40 0.00 96.91 7.73 4.78 0.00 105.88 8.76 25.64 0.00 
2010 97.42 12.68 

  
93.70 8.19 

  
100.04 9.08 

  

2010 97.42 12.68 15.64 0.00 93.70 8.19 18.74 0.00 100.04 9.08 29.28 0.00 
2015 92.18 13.25 

  
83.85 8.86 

  
92.74 9.31 

  

2015 92.18 13.25 9.82 0.00 83.85 8.86 -17.78 0.00 92.74 9.31 25.74 0.00 
2020 89.22 13.16 

  
101.65 4.85 

  
85.45 9.41 

  

2000 104.89 12.08 24.11 0.00 107.92 7.38 6.14 0.00 112.73 9.06 39.89 0.00 
2020 89.22 13.16 

  
101.65 4.85 

  
85.45 9.41 

  

Note: Calculations by the author with SPSS v.26.0.0.0. Bold numbers identify the trend reversal in z2. The negative 
t value registers this change in direction in the trend. 

Discussion 

All the normalizations in this research are adaptations of classical normalization (zt0). 
In the normalized boxes (zQ), the median replaces the mean, and the interquartile 
range replaces the standard deviation. In min-max (zMM) normalization, the minimum 
value replaces the mean, and the max-min range replaces the standard deviation. The 
constrained min-max normalization (zMP) is a version of the min-max normalization 
where a benchmark (mean, median, or outstanding observation) takes the place of the 
mean and the max-min range replaces the standard deviation. The robust normalization 
(zRN) takes into account data above or below the median (Me). In both cases, the 
numerator is the same: the median takes the place of the mean, (𝑥 −𝑀𝑒). In data below 
the median, (𝑀𝑒 − 𝑄1) takes the place of the standard deviation; in data above the 
median, (𝑄3 −𝑀𝑒) replaces the standard deviation. The balanced normalization (zBN) 
is similar to zRN, except that the minimum and maximum values take the place of the 
first and third quartiles, respectively. In zBN, the numerator is the same for values above 
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or below the median: (𝑥 −𝑀𝑒); in the denominator, (𝑀𝑒 −𝑀𝑖𝑛) or (𝑀𝑎𝑥 −𝑀𝑒) takes 
the place of the standard deviation. 

These results show that only the balanced normalization proposed in this research 
simultaneously corrects the problems of uneven ranges, unequal minimum and 
maximum values, and asymmetry that imply an implicit weighting in the aggregation 
of variables (Table 4). 

The longitudinal version of each normalization requires that the parameters be 
fixed over time. This is possible if the procedure is applied to stacked data, as the case 
study illustrates. 

T tests identify significant changes for each variable in each quinquennium of the 
2000 to 2020 period and for the whole period because the normalized data with the 
new procedure are comparable in time and space. 

Table 4 
Three desirable effects to control the implicit weighting of variables added 

 in a composite index 

Normalization procedure 
Same maximum and 

minimum values for all 
variables 

Same range for all 
variables 

z-skewness and z-
kurtosis in all variables 

are in the range ±2 

Classic (zt0) X X X 
Normalized boxes (zQ) X X X 
Min-Max (zMM)   X 
Min-Max restricted (zMP) X  X 
Robust normalization (zRN) Xa) Xb) c) 
Balanced normalization (zBN)    

Restricted balanced 
normalization (zRB)    

a) Same Q1 and Q3 values for all variables. 
b) Same interquartile range (Q1 to Q3). 
c) Only in some variables. 
Note: The author based on the methodology. 
The methodology for quartiles Q1 and Q3 in zRN is adapted to the lowest and highest values in zBS and zRN. 

Conclusion 

Without normalization, cross-sectional or longitudinal, there are no reliable 
composite indices. The selection of the appropriate normalization procedure is a 
current challenge and an ongoing process, as suggested in recent evaluations 
(Mazziotta‒Pareto 2021, 2022; Sojda‒Wolny 2020; Walesiak 2018). The comparative 
analysis of procedures shows that the key in the longitudinal extension of the cross-
sectional versions is to maintain fixed parameters for stacked data, as follows: 

a)  Fixed mean and standard deviation (stdv) of a specific year. The mean and stdv 
of a reference year (e.g., 2000) are the same for all and every one of the raw 
values of the period (e.g., 2000 to 2020), as in zt0. In Norman’s version (2010, 
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2015, 2017), the mean and standard deviation are fixed because they 
correspond to all values of the period. 

b) Minimum (min) and maximum (max) values of the fixed period, as in zMM. This 
is equivalent to substituting in zt0 the mean for the minimum value of the 
period and the standard deviation for the min-max range of the period. 

c)  Average of a specific year (e.g., 2010) and fixed min and max values of the 
period, as in zMP. 

d)  Median (Me) of the period and fixed min and max values, as in zBN. 
In variables of a composite index, it is not enough for the normalization to be 

longitudinal or absolute; it is also necessary to control the implicit weighting when 
adding them. This implicit weight is associated with the aggregation of variables with 
uneven ranges, unequal values at the ends, and asymmetry. zBN is the only procedure 
that simultaneously corrects this triple problem. 

In short, balanced normalization has several functions in a composite index (CI): 
a) to express the values in the same abstract unit that guarantees the cross-sectional 
and longitudinal comparison and aggregation of variables; b) to identify atypical cases; 
c) to invert the polarization of variables so that an increase in the variable is reflected 
in an increase in the IC; d) to allow statistical analysis and hypothesis-testing of 
information compatible in time and space; and d) to control the weighting implicit in 
i) the uneven ranges between the variables, ii) the unequal values at the extremes 
between variables, and iii) the asymmetry of each variable. 

This work proposes and illustrates a normalization procedure; it does not suggest 
any explicit weighting procedure or variable aggregation method. These last two tasks 
deserve their own analysis. For example, it is necessary to consider the compensating 
or noncompensating nature of the composite index and measure the stability of the 
aggregation procedures by omitting one variable at a time. This exercise is the subject 
of other stages of research on composite indices. 
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